I. INTRODUCTION
As it is well known, the description of fluids can be performed choosing either an Eulerian or a Lagrangian point of view. The two approaches are equivalent and, if fluid dynamics were fully understood, one should be able to translate Eulerian properties into Lagrangian ones and viceversa. At least for the treatment of turbulent fluids, we are still quite far from this point [1] . The main historical reason of this situation can be understood by looking at the customary statistical approach based on so-called velocity probability density function (pdf)-method for an incompressible fluid (for a review see for example [2] ). In fact -as it is well known -in this approach the time evolution of the pdf which advances in time the average (in a stochastic sense) fluid velocity is determined by a Fokker-Planck transport equation. As a consequence the corresponding Lagrangian characteristics are necessarily stochastic in nature and therefore difficult to handle. This explains why in the literature, for this purpose, stochastic models of various nature have been adopted, which, however, typically rely on experimental verification rather than (uniquely) on first principles.
Recently, however, an important breakthrough has been achieved by the discovery of the so-called inverse kinetic theory (IKT) approach for incompressible fluids [3, 4, 5, 6, 7] which permits a straightforward connection between Eulerian and Lagrangian descriptions. This is achieved by identifying the relevant fluid fields, which are assumed to be defined in a suitable domain Ω ⊆ R 3 (fluid domain), with appropriate moments of a suitably-defined kinetic distribution function (KDF) f (x,t) [with x = (r, v) ∈ Γ, x and Γ denoting a suitable state-vector and an appropriate phase-space] which is assumed to advance in time by means of Vlasov-type kinetic equation. In such a case, the time-evolution of the KDF is determined by a kinetic equation which, written in the Eulerian form, reads
Here f (x, t) denotes the Eulerian representation of the KDF, L is the streaming operator
· {X(x, t)f } , X(x, t) ≡ {v, F(x, t)} a suitably smooth vector field, while v and F(x, t) denote respectively appropriate velocity and acceleration fields. As a main consequence the approach can in principle be used to determine in a rigorous way the Lagrangian formulation for arbitrary complex fluids. Although the choice of the phase space Γ is in principle arbitrary, in the case of incompressible isothermal fluids, it is found [4] that the phase-space Γ can always be reduced to the direct-product space Γ = Ω × V (restricted phase-space), where Ω, V ⊆ R 3 , Ω is an open set denoted as configuration space of the fluid (fluid domain) and V is the velocity space. This type of approach (based on a restricted phase-space IKT formulation) will be adopted also in the sequel.
The main motivation [of this work] is that some of the general understanding recently achieved in simple flows by means of the IKT approach could also give a significant contribution to a wider range of problems. In the sequel, we will concentrate on the issue of a consistent formulation for fluid dynamics based on a phase-space (IKT) description of incompressible fluids, whereby its pressure, velocity (and possibly also thermal) fluctuations are consistently taken into account. In particular we intend to show that the theory admits a well-defined Lagrangian formulation. In particular, the corresponding Lagrangian trajectories can be interpreted in terms of the phase-space dynamics of suitable, classical molecules, i.e., point particles whose dynamics is determined by the phase-space Lagrangian characteristics. The motion of these particles (rather than that of the fluid elements), as = V(r, t),
with r o an arbitrary vector belonging to the closure Ω of Ω and V(r, t) being the velocity fluid field, to be assumed continuous in Ω and suitably smooth in Ω. The purpose of this paper is to achieve a phase-space Lagrangian formulation for incompressible thermofluids, extending the formulation previously developed, adopting, instead, an extended-phase-space formulation [8] . The present formulation permits to advance in time the relevant fluid fields by means of the set of Lagrangian equations defined by the vector field X(x, t), 
II. EULERIAN FORMULATION OF IKT
A first key issue is to prove that the IKT approach developed for isothermal incompressible fluids [3, 4, 5, 6, 7] can also be achieved by adopting the same type of restricted phasespace formulation, obtained identifying the phase space with Γ = Ω × V, where Ω coincides with the fluid domain and V = R 3 is a 3D velocity space. For definiteness, here we shall assume that the relevant fluids for a thermofluid, namely
i.e., respectively the constant mass density, the fluid velocity, pressure, temperature and entropy, in the open set Ω satisfy the so-called non-isentropic and incompressible NavierStokes-Fourier equations (INSFE), i.e.,
where D Dt
V is the fluid acceleration,
+ V·∇ the convective derivative and S T a functional, to be suitably defined, of an appropriate set of fluid fields. These equations are assumed to satisfy a suitable initial-boundary value problem (INSFE problem) so that a smooth (strong) solution exists for the fluid fields
Here the notation is standard. Thus, Eqs. (4), (5) and (6) 
(externally heated thermofluid ). In these equations g,k ρ , ν,χ and c p are all real constants which denote respectively the local acceleration of gravity, the density thermal-dilatation coefficient, the kinematic viscosity, the thermometric conductivity and the specific heat at constant pressure. Thus, by taking the divergence of the N-S equation (5), there it follows the Poisson equation for the fluid pressure p which reads
with p to be assumed non negative and bounded in Ω × I. In this Section we shall assume that f (x,t) is a solution of the Eulerian kinetic equation (1) defined in a suitable extended phase-space Γ × I, where I ⊆ R is a suitable time interval. In such a case, we intend to show that f (x,t) can be defined in such a way that the fluid fields V, p 1 can be identified with its velocity moments
dvG(x,t)f (x,t), where respectively G(x,t) = 1, v, u 2 /3 and p 1
is the kinetic pressure to be defined as:
Here p 0 (t) (to be denotes as pseudo-pressure [5] ) is an arbitrary strictly positive and suitably smooth function defined in I. Moreover, m > 0 is a constant mass, whose value remains in principle arbitrary. In particular it can be identified with the average mass of the molecules forming the fluid. Finally, the thermodynamic entropy S T can be identified with the Shannon
is a suitably prescribed function and f (x,t) is strictly positive in the whole set Γ × I. To reach the proof, let us first show that, by suitable definition of the vector field F(x, t), a particular solution of the IKE (1) is delivered by the Maxwellian distribution function:
Here u = v − V(r, t) and v th,p = 2p 1 (r, t)/ρ are respectively the relative and the thermal velocities. The following theorem can immediately be proven:
Theorem -Restricted phase-space INSFE-IKT Let us assume that: 1) the INSFE problem admits a smooth strong solution in Γ × I, such that the inequality (8) is fulfilled ; 2) the vector field F is defined as
where F 0 , F 1 read respectively
where
3) in Ω × I the KDF f (x,t) admits the velocity moments G(x,t) = 1, v, u 2 /3, u 
where ρ o is a positive constant; 5) the entropy integral S(f (x,t 0 )) = − Γ dxf (x,t 0 ) ln f (x,t o )
exists; 6) in the time interval I the pseudo-pressure p 0 (t) is defined so that there results identically: 
It follows that : A) the local Maxwellian distribution function (11) is a particular solution of the IKE (1) if an only if the fluid fields

(constant H-theorem). This permits us to identify S T = S (f ) so that the 2nd principle
[i.e., the inequality (7)] is satisfied too.
PROOF First, let us assume that a strong solution of the INSFE problem exists which satisfies identically Eqs. (4)- (6) 
Therefore, the third moment equation delivers the Fourier equation [Eq. (6)]. The same proof (for Proposition B) is straightforward if f = f M (x, t). This is reached again imposing the same constraint equation (16) on first velocity-moment of the distribution function f.
Finally, the proof of Proposition C is achieved by imposing on p 0 (t) the constraint equation (17) and invoking assumptions 1) and 5). It follows that the thermodynamic entropy can be identified with the Shannon entropy, i.e., letting for all t ∈ I, S T (t) = S (f M (x, t)) . As a final remark, we point out that by properly prescribing the initial and boundary conditions for the KDF, one can show that also the appropriate initial and boundary condition for the fluid fields can be satisfied (see related discussion in Ref. [5] ). Furthermore, by construction, due to the constraint (16), f(x, t) = f (x, t)/ρ o is a velocity-space probability density, i.e., there results identically in Ω × I,
dv f(x,t) = 1.
III. LAGRANGIAN FORMULATION OF IKT
The results of the previous Section permit us to formulate in a straightforward way also the equivalent Lagrangian form of the inverse kinetic equation [5] . The Lagrangian formulation is achieved in two steps: a) by identifying a suitable dynamical system (here denoted as INSFE dynamical system), which determines uniquely the time-evolution of the kinetic probability density prescribed by IKT. Its flow defines a family of phase-space trajectories, here denoted as phase-space Lagrangian paths (LP's); b) by proper parametrization in terms of the LP's the KDF and the inverse kinetic equation, the explicit solution of the initial-value problem defined by the inverse kinetic equation (1) is determined. First, we notice thatin view of the THM -it is obvious that the LP's must be identified with the phase-space trajectories of a classical dynamical system x o → x(t) = T t,to x o generated by the vector field X(x, t). Hence we shall assume that the initial-value problem (3), which is realized by the
defines a suitably smooth diffeomeorphism. Here, by construction:
• denoting by x(t) = χ(x o , t o , t) the solution of the initial-value problem (20), x o = χ(x(t), t, t o ) is its inverse. Both are assumed to be suitably smooth functions of the relevant parameters;
• both x(t) = χ(x o , t o , t) and x o = χ(x(t), t, t o ) identify admissible LP's of the dynamical;
• r(t) is the Lagrangian trajectory which belongs to the fluid domain Ω;
• v(t) and F(r(t), t; f ) are respectively the Lagrangian velocity and acceleration, both spanning the vector space R 3 . In particular, F(r(t), t; f ), which is defined by Eqs. (12)- (15), and depends functionally on the kinetic probability density f (x, t), is the Lagrangian acceleration which corresponds to an arbitrary kinetic probability density f (x, t);
• f (x, t) is a particular solution of the inverse kinetic equation 1 which is subject to the assumptions imposed by the THM.
It follows that the Jacobian [J(x(t), t) =
∂x(t) ∂xo
Second, it is immediate to prove that the kinetic equation in the Lagrangian representation can be written in the form
where f (x(t), t) is the Eulerian representation of the KDF and f o (x o ) is a suitably smooth initial KDF. Eq.(23) manifestly implies also the time evolution of f (x(t), t) in terms of the initial distribution function:
From the mathematical standpoint main consequences of the theory are that: 1) the Lagrangian formulation (of IKT) is uniquely specified by the proper definition of a suitable family of phase-space LP's; 2) Eq.(24) uniquely specifies the time-evolution of the Eulerian KDF, f (x(t), t), which is represented in terms of the initial distribution function f o (x o ) and the LP's defined by the INSFE dynamical system; 3) the time-evolution of the fluid fields
also provides the connection between Lagrangian and Eulerian viewpoints. In fact the Eulerian KDF, f (x, t), is simply obtained from Eq.(24) by letting x = x(t) in the same equation.
As a result, the Eulerian and Lagrangian formulations of IKT, and hence of the underlying moment (i.e., fluid) equations, are manifestly equivalent. From the physical viewpoint, it is worth mentioning the LP's here defined can be interpreted as phase-space trajectories of the particles of the fluid, to be considered as a set of "classical molecules", i.e., point particles with prescribed mass, which interact only via the action of a suitable mean-field force kind.
The ensemble motion of these particles has been defined in such a way that it uniquely determines the time evolution both of the kinetic distributions functions and of the relevant fluid fields which characterize the thermofluid.
IV. CONCLUDING REMARKS
In this Note an inverse kinetic theory has been developed for the INSFE problem based on a restricted phase-space representation, i.e., in which the phase space of the kinetic description is identified with the direct product Γ = Ω × V defined in such a way that Ω coincides with the fluid. We have shown that equivalent IKT approaches can be formulated Notice § contributed paper at RGD26 (Kyoto, Japan, July 2008).
